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1 Introduction 

The Verlinde formula is a remarkable — and potentially very useful — new tool 
in the geometry of algebraic curves which is borrowed from conformal field 
theory. In the first instance it is a trigonometric expression which assigns a 
natural number Ni{G, g) to data consisting of a semisimple algebraic group G, 
a nonnegative integer g and an auxiliary integer I E Z. In physics Ni{G, g) is 
interpreted as the dimension of the space of conformal blocks at level / in the 
Wess-Zumino-Witten model of conformal field theory on a compact Riemann 
surface of genus g. In algebraic geometry this 'space of conformal blocks' is 
identified with a vector space of the form H^{Ji4c{G), where J\4c{G) is 
the moduli scheme (or stack) of semistable principal G-bundles over C, and 
C is an ample line bundle on this moduli space generating the Picard group. 

The feature of the Verlinde formula which motivates this paper is its 'nu- 
merology'. Namely, when one computes the numbers Ni{G,g) for the classi- 
cal simple groups one finds that they obey interesting identities which lead 
one to certain conjectures about the geometry of Aic{G). (See ||0W|| .) In 



this article we are concerned with identities linking the complex spin groups 
G = Spin^ with the configuration of principally polarised Prym varieties 
associated to the curve C via its unramified double covers. This connection 



was first observed in ||02|| for the odd spin groups Sping^+i; here we shall give 



a systematic account of both the odd and even cases. 
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The moduli space J\4c{S0m) has, for m > 3, two connected compo- 
nents labelled by the second Stiefel- Whitney class W2 of the bundles. Each 
of these components has a J2(C)-Galois cover which is a moduli space for 
Clifford bundles with fixed spinor norm line bundle ^ G Pic(C), and whose 
isomorphism class depends only on deg^ mod 2. When ^ = Oc the Galois 
cover is precisely Aici^P^^m) since by definition Spin^ is the kernel of the 
spinor norm; the 'sister' space which arises when deg^ is odd, we denote 
by Ai'^{Spmj^). In each case the fibre J2(C) over M.c{SOm) parametrises 
liftings of a given S'Om-bundle to a Clifford bundle with given spinor norm 
^ with deg^ = W2 mod 2. 

Note that for low values of m we recover well-known moduli spaces of 
vector bundles: for example A^clSpiug) = SUci^2,0) and M.^{Spm^) = 
SUc{2,l) (where SUc{n,d) is the moduli space of rank n vector bundles 
with fixed determinant of degree d); while A^c'(Sping) = SUc{4:,0) and 
MciSpm,)=SUc{^,2). 

We shall consider the theta line bundle 0(0"^) on these varieties, coming 
from the standard orthogonal representation C"* of the Clifford group, and 
use the Verlinde formula to count its sections. 

These preliminary ideas — the spin moduli spaces, theta line bundles on 
them and the Verlinde calculations — occupy the first five sections of the 
paper. The central observations on which the paper is based is contained in 
section ^. This is that the dimension of if°(A^c7(Spin^), 9(C™)) coincides 
with that of the direct sum of the spaces of even level m theta functions on 
all the Prym varieties (including the Jacobian itself); while the dimension 
of if°(7V(^(Spin^), 9(C™)) is equal to that of the direct sum of the spaces 
of odd level m theta functions on the Prym varieties. The precise statement 
(see theorem |6.1| and table (^21) ) depends on the parity of m: when m is 
even we have to take theta functions not just on the Prym varieties P^, 
T] G J2{C)\{0} , but on the two component abelian subvarieties 

U P- = Nm-'Kc C J^^'^iCr,), 

where C*^ ^ C is the double cover corresponding to each t]. 

There are two remarks to make about this feature of the even spin groups. 
The first is that it is natural in the sense that, whereas level m theta functions 
are well-defined on P^ for all m — there is a canonically defined theta divisor 
— on P~ they are well-defined only if m is even. The second is that it 
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corresponds to a direct sum decomposition of iJ°(A1c(Spin^), 6(0"*)) into 
two pieces when m is even — apparently the eigenspaces under the involution 
of the moduli space ^^^(Spin^) corresponding to reflection of the Dynkin 
diagram. (See section fTTI .) 

In the remaining sections of the paper we make sense of the observations 
of section ^ by constructing homomorphisms: 

H'{MHSpin,^+i), QiC'-^')r - E HliP,, {2n + 1)2,) 
ifO(A<±(Spin2j,e(C2"))v Y.HliP„2nE,) 

Table (P^ ) asserts that each of these maps is between vector spaces of equal 
dimension. It is necessary to emphasise that the validity of the right-hand 
column of the table is dependent on a natural- seeming conjecture |5.7] for a 
Verlinde formula on A^~(Spin^). When m = 3 this is the Verlinde formula 
for rank 2 vector bundles of odd degree due to Thaddeus |^]; further evidence 
for this 'twisted' formula is given in ||0W| . 



It is therefore natural to expect that the above maps are isomorphisms; 
for m > 5 this is not known, though we hope to return to the question in 
a later paper. Cases of low m, on the other hand, where the spin moduli 
spaces can be identified with more familiar moduli spaces of vector bundles, 
are examined individually in section |^. 

Finally, when m is odd it is known (see | |LS|| ) that 0(0™") = 2V where 
the 'Pfaffian' line bundle V generates the Picard group. In section we 
observe — though this remark is independent of the rest of the paper — that 
the space of sections of this line bundle has a basis labelled by the even theta 
characteristics of the curve, which directly generalises that constructed by 
Beauville in ||B2|| for the case m = 3. 



Acknowledgements: In writing this paper the author has benefited greatly 
from conversations with B. van Geemen, C. Pauly, S. Ramanan and C. Sorger, 
to all of whom he expresses his gratitude. 
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2 Moduli spaces of principal bundles on a curve 

In this section we shall give a brief account of the moduli spaces of semistable 
principal bundles over a curve, following [Rl], [DN], [KNR]. 

We begin with a smooth projective complex curve C of genus g > 2, and 
a complex connected reductive algebraic group G; and we consider algebraic 
principal G-bundles E ^ C. Topologically such bundles are classified by the 
fundamental group of G. 

Just as for vector bundles, one has notions of stability, scmistability and 
S-equivalence for algebraic G-bundles, and for stable bundles S-equivalence 
is the same as isomorphism. (We shall recall in a moment the definition of 
stability, but it will not be necessary here to define S-equivalence.) The basic 
result of Ramanathan [R2] is then the following. 

2.1 Theorem. Given G,G as above and an element 7 e 7ri(G), there ex- 
ists a normal irreducible projective variety M.{G, 7) which is a coarse mod- 
uli space for families of semistable G-bundles of type 7 on G, modulo S- 
equivalence. 

Moreover, one has 

dim M{G,-f) = (c/- l)dimG' + dimZ(G'), 

and A4(G,7) is unirational when G is a simple group [KNR]. 

The basic construction with principal bundles is the following. If is a 
G-bundlc, and p : G ^ Aut(X) any left G-space, then we can form a bundle 
E[X) = E Xp X with fibre X. In case X = G/P is a homogeneous coset 
space, a section cr : C — > E{G/ P) is called a reduction of the strucure group 
of the bundle to the subgroup P. When P C G is a maximal parabohc, 
E{G/P) — > G can be thought of as a 'generalised Grassmannian bundle'. 
Then by definition, E is semistable if and only if 

deg a*T^^'^E{G/P) > for all maximal parabolics P C G, 

where T™""* denotes the vertical tangent bundle. 

On the other hand, if tt : G' — * G is a group epimorphism then we can 
view X = G as a left G'-space via n, and so form a G-bundle E = F{G) 
from any G'-bundle F. F is said to be a lift of E. In particular, if G' is a 
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central extension of G then there is a bijection between maximal parabolics 
P G G and maximal parabolics P' = 7r~^P C G', and moreover F{G'/P') = 
E{G/P) if F is any hft of E. Consequently: 

2.2 Lemma. If E is a G-bundlc and F a lift of E to a central extension of 
G tlien E is stable (resp. semistable) if and only if F is. 

Finally, of course, we can take for the G-space X a finite-dimensional 
representation p : G ^ GL{V), to obtain a vector bundle E{V). In the case 
when G = GL^ and V = is the standard representation, the notions 
of stability, semistability and S-equivalence are the same for the principal 
bundle E as for the vector bundle E(y). Thus we shall write U{n,d) — 
M{GLn,d), for d e 7ri(GL„) = Z; this is the moduh space of semistable 
vector bundles of rank n and degree d. 

Consider now the determinant morphism 

det ■.U{n,d) J'^(C). 

This is a fibration and we shall, as is usual, denote the isomorphism class of 
the fibre by SU{n, d) — SUc{n, d); or SUc{n) when d — 0. 

One knows from [DN] that, via det, U{n, d) has Picard group 

Pic U{n, d) = Pic J"'(C) © Z{e„,rf} 

where 0„ is an ample line bundle on the fibres constructed as follows. It 
will be convenient, to begin with, to assume that n divides d, i.e. that we 
are dealing with vector bundles of integral slope. 

Consider first an arbitrary family F — > C x 5" of semistable vector bundles 
on C with rank n, degree d and slope = d/n e Z, as above; and we 
construct a line bundle Q{F) S, functorial with respect to base change 
S' S, in the following way. Let n : C x S ^ S he the projection. Then (at 
least Zariski locally) there is a homomorphism of locally free sheaves on S, 
(j) : ^ K^, having the direct images of F under tt as kernel and cokernel: 

(1) ^ R^F ^ ^ RlF 0. 

Moreover, the determinant line bundle 

Det(F) = (A*°P ® (A*°P K^) 
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is well-defined and functorial with respect to base change. If /i = — 1 we 
write G(F) = Det(F); and this has a canonical section det0, so that in this 
case Q{F) is represented by a canonical Cartier divisor on S. Otherwise 
0(F) is defined to be a suitable twist of Det(F) such that 

0(F® 7r*L) = 0(F) 

for any line bundle L S; i.e. O respects equivalence of families. 

Now in the case fi = g — 1 it is shown in [DN] that the functor O is in 
fact represented in moduli space by a global Cartier divisor 

0n,n(g-i) = Closure{stable V\H^{V) = H\V) 7^ 0} C U{n,n{g - 1)). 

In other words 0(F) = f*Qn,n{g~i) where f : S ^ U{n,n{g — 1)) is given by 
the coarse moduli property. 

For the general case (/i G Z still) one chooses a line bundle L G Pic(C) 
with degree chosen so that we get a morphism 

U{n,d) ^V({n,n{g-1)). 

Now set 

Ol = (®L)*0„,„(g_i). 

The dependence of O^ on L is then given by (0) below, which is a consequence 
of: 

2.3 Lemma. View J^{C) as a subgroup of Pic (J'' (C)) by L ^ ®T£$, 
where $ is any line bundle representing the principal polarisation on J'^{C). 
Then for any family F ^ C x S as above, and any L G J^{C), we have 

0(F ® pr*cL) = det*(L) ® 0(F) 

where det : S ^ U{n, d) J'^{C). 

It follows easily from this that when L, L' have the same degree, O^ and 
Ol/ are related by: 

(2) Ol/ = det*(L'L-^) ® Ol G Pic W(n, d). 

We now set O^^^ = Ol: if li 7^ n{g — 1) this depends on L, hut by ^ its 
restriction to the fibres o/det : U{n,d) —>■ J'^{C) is independent of L. 
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In order to consider bundles of general degree, i.e. non-integral slope, it 
is necessary to twist by bundles L of higher rank: 

U (n, d) U {rn, rn{g — 1)), 

where L has rank r. It is easy to check that the necessary and sufficient 
condition for arranging slope g — 1 on the right is that: 

n .. 



gcd(?2, a) 

The line bundle Gl may now be defined in the same way as above. In this 
more general situation (0) becomes: 

(4) Gl/ = det*(det L' ® det ® 6^ G Pic U{n, d), 

Consequently the restriction of 9/, to the fibres of det : U{n,d) J'^{C) is 
again independent of the choice of L with given rank r; and we set Qn,d = ©l 
for any L with r = n/gcd(n, d). This is the required generator of the Picard 
group. 

Note that if in this construction L, L' are two vector bundles of different 
ranks r < r' (both satisfying (|), and the degrees of L and L' chosen suitably) 
then 

(5) = ef/^ 

Finally, suppose that we are given a family E C ^ S oi semistable 
G-bundles, and a representation p : G ^ SL(y), where dim\^ = n. We 
shall suppose that p satisfies the condition: 

(6) Z(G)o C ker p 



We can form the family of vector bundles E(y) ^ C x S; and by ||Rth2 



proposition 2.17 the condition (y) guarantees that these vector bundles are 
semistable. 

We thus obtain a theta line bundle Q{E(y)) S, and since E(y) has 
trivial determinant on the fibres of tt : C x 5 ^ S we deduce from lemma 



2.3 the following corollary, which will be needed later: 



2.4 Corollary. For E C x S and p : G ^ SL(y ) as above, and for any 
L e J^{G) one has 

Q{E{y)®jyr*cL) = e{E{V)). 
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Globally p satisfying induces a morphism 

■.M{G,-i)^M iSL„) ^ U{n, 0) 

and the functor E i-^ Q{E{V)) is represented by the (well-defined) line bun- 
dle 

0(V) := (p,)*0„,oGPicA<(G,7). 

Note that if we let j : Ai{SLn) ^ U{n,0) denote the inclusion which 
identifies Ai{SLn) with the moduli space of vector bundles of rank n and 
trivial determinant, via the standard representation C^, then by construction 

e(c^)=j*e„,o- 

3 Clifford bundles 

Let us consider again the fibration 

det : Uc{n,d) j\C)] 

induced, that is, by the determinant homomorphism GLn —>■ C*. The fibres 
of these maps are, up to isomorphism, the n moduli varieties SUc{n,d), for 
d G Z/n. In this section we shall describe an alternative generalisation of 
this situation for n = 2, obtained by replacing GL2 not by GLn, but by the 
special Clifford group of a nondegenerate quadratic form. First we need to 
recall some basic Clifford theory. 

3.1 The special Clifford group 

Let Q be a nondegenerate quadratic form on a complex vector space V of 
finite dimension m; let A = A{Q) be its Clifford algebra and A'^ the even 
Clifford algebra. Recall that these can be expressed as matrix algebras as 
follows. 

If m = 2n is even then for any n-dimensional isotropic subspace U G V 
one has 

(7) A = End A U; = End(A'"'" U) © End(A°'^'^ U) . 

If, on the other hand, m = 2r2 + 1 is odd then for any direct sum decom- 
position V = U © f/' © C where U, U' are n-dimensional isotropic subspaces 
one has 
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(8) A ^ End A f/ © End A U'] A+ ^ End A U. 

The 'principal involution' oi A is a : x ^ —x for x & V , i.e. is ±1 on 
A"^ respectively. The 'principal anti-involution' (3 is the identity on V and 
reverses the direction of multiplication: (3{xi . . Then the 

Clifford group is 

C{Q) = {s E A*\ais)Vs-' C V}, 
where A* C A denotes the group of units; and the special Clifford group is 

SC{Q)=C{Q)nA+. 

For s G C{Q) the transformation Hs : x \—>- a{s)xs~^ of V is orthogonal — this 
is because C{Q) is generated hj x E V (1 C{Q), for which tt^. is just minus 
the reflection in the hyperplane x^. Thus one has a group homomorphism 
71 : C{Q) 0{Q), which has the following properties. 

3.1 Proposition. 1. ker tt = C*; 

2. 7t{C{Q)) = 0{Q) and ti{SC{Q)) = SO{Q). 

3.2 Corollary. SC{Q) is a connected reductive algebraic group. 
The spinor norm is the group homomorphism 

Nm : SC{Q) C* 

S I— s> P{s)s. 

Equivalently Nm(xi . . . Xr) = Q{xi) ■ ■ -Qi^Xr) for xi, . . . , x,. G V . Then by 
definition Spin(Q) = ker Nm. 

Note that multiplication by scalars induces a double cover 

(9) {±(l,l)}^C*xSpin(g)-^SC(g). 

From now on we shall write Cm, 5'Cm, Spin^ instead of C{Q), SC{Q), 
Spm{Q) when Q is the standard quadratic form on C™. Then (using 
one has the following commutative diagram of short exact sequences: 
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1 


C* 


SCm 


(10) 




t 


t 




1 


Z/2 ^ 


Spin„ 


3.3 


Proposition. 


For m > 3 




1. 


SCm has centre Z{SCm) 


(C* 
~ IC* X 



SOr 



SOm ^ 1. 



if m is odd 



2. SCm has fundamental group TTi{SCm) = Z; and this maps isomorphi- 
cally to 7ri(C*) = Z under the spinor norm. 

Proof, (i) If m is odd the centre of SCm must be contained in — and hence 
equal to — the kernel C* of the surjection onto SOm, since the latter has 
trivial centre. 

If, on the other hand, m is even, then by the same token Z{SCm) is 
contained in 7r^^(Z(5'Om)) where tt denotes the surjection to SOm- In this 
case SOm has centre {±1}- As before everything in 7r^^(l) = C* is cen- 
tral; while if {ci, . . . , Cm} C C™ is any orthonormal basis then the product 
Ci. . .Cm e SCm spans 7r^^(— 1) = C*. Since m is even this product anti- 
commutes with each Cj, and therefore commutes with all elements of A'^. So 
7r^^{±l} = C* X Z/2 is contained in and therefore equal to the centre. 

(ii) From the exact homotopy sequence of the fibration in the upper se- 
quence of (10), and the vanishing of 712(0*), we have a non-split extension 



^ Z ^ ni{SCm) Z/2 ^ 0. 

Since the fundamental group of a Lie group is abelian it follows that the only 
possibility is 7ri{SCm) = Z. The last part now follows from the fact that 
Spin^ is simply-connected. □ 



3.2 The spin moduli spaces 

From proposition |3.3| part 2 we see that there is for each c/ G Z = -Ki^SCm) 
a morphism induced by the spinor norm, and which we shall denote in the 
same way: 

Nm : M{SCm,d) J'^{C). 



10 



Moreover, when m = 3 this is nothing but the determinant morphism for 
rank 2 vector bundles (see example below). And just as for rank 2 vector 
bundles, one has: 

3.4 Proposition. For d E Z and L G J'^{C), the isomorphism class of the 
subscheme Nm^^(L) C A4{SCm, d) depends only on d mod 2. 

Actually this is essentially trivial and is proved in the same way as for 
rank 2 vector bundles, once one observes that multiplication of SCm by its 
centre (proposition |3.3| ) induces a natural generalisation of the tensor product 
operation of Clifford bundles by line bundles if m is odd, and if m is even by 
pairs {N, rf) where is a line bundle and r] G H^{C, Z/2) = J2(C). (See also 
[[Rl|| .) We shall write, respectively, N ® E and {N,ri) E for this product. 
It follows from the definition of the spinor norm that 

Nm(A^ ^E) = N^^ Nm{E), resp. Nm((A'', t]) ® E) = N'^ ® Nm(i?). 



So to prove |3^ : suppose d = degL = d' = degL' mod 2, and 
write L' = N'^^ ® L for some A^ G Pic^(C), k e Z. Then the map 
MiSC^,d) MiSCm^d') given hy E ^ N (g) E (resp. (A^, O) ® E) re- 
stricts to an isomorphism Nm~"'^(L) = Nm^"'^(L'). □ 

We shall therefore introduce the notation: 

A<+(Spin^) = MiSpinJ = Nm~\Ocy, 

where p G C is any point of the curve. 

3.5 Remark. The group SOm has fundamental group Z/2; so the mod- 
uh space of semistable S'Om-bundles has two irreducible components 
M{SOm,0) = M + {SOm) and A^(50,„,l) = M-iSOm) distinguished by 
the second Stiefel- Whitney class W2. It is not hard to show (see ||02|| ) that 



degNm(i?) = W2{E) mod 2 and that A/i^(Spin^) are naturally Galois covers 
of these components: 



Note that these maps respect stability — this is a special case of lemma |2l2. 
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In later sections we shall be interested in the theta line bundle 0(0™") 
associated to the orthogonal representation of SCm- Note that by and ^]3| 
the condition is satisfied for m > 3, so that 9(0™") is defined everywhere 
on M.[SCm) and hence on both 7W^(Spin^). 

3.6 Example, m = 2. Here SC2 = C* x C*, the spinor norm is Nm : 
(a, h) (-^ ah and the orthogonal representation SC2 SO2 = C* is (a, b) 1— *• 
a/b. It follows that MiSC2) = Pic(C) x Pic(C) and each of A^±(Spin2) = 
Pic(C). 

0(C^) is by definition obtained by pulling back ©2,0 under 

p, : M{SC2) = Pic(C) X Pic(C) ^ M{SL2). 

But this map sends a pair of line bundles (L, A^) to the vector bundle LN~^ © 
L^^N, and this is semistable only if degL = degA^. (Note that condition 
fails for this case!) It follows that the morphism p*, and hence B(C^), 
is defined only on Pic(C) Xdeg Pic(C); and 9(C^) is thus defined only on 
the degree component J(C) of A^(Spin2) = Pic(C) and is not defined on 

On the other hand, A^(Spin2) Ai{S02) is the squaring map [2] on line 
bundles, and so one sees that on J{C) the orthogonal theta bundle is: 

e(c2) = [2]*{2e) = se, 

where 9 is the theta divisor on J(C). 

3.7 Example, m = 3. This is in many ways the most important case. It 
is well-known that SC3 is, via (||), equal to the group of units GL2 C 
and that the spinor norm is the determinant homomorphism so that Spiug = 
SL2. (The representation on SO3 is then precisely the action of GL2 on 
S"^ = Pi by Mobius transformations, via stereographic projection.) Thus 
A<(Spin3) = SUci2) and ^^-(Sping) ^ 5Wc(2, 1). 

Let Cd = 02,d be the (ample) generators of the Picard groups of these 
varieties, for d = 0,1 respectively, as described in the previous section. From 
the discussion there we can view Ci { = Ql' for a suitable rank 2 vector 
bundle L') as defined on all of A4{GL2) while £0 (= ©l for a suitable line 
bundle L) is a line bundle defined only on the components of even degree; 
and by (^ Ci = £q on these components. 

The orthogonal theta bundle is then 9(C'^) = Cl = Cq — see (|T9|) below. 
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3.8 Example, m = 4. Again it is very well-known that Spin4 = SL2 x 
SL2. Via (0) the special Clifford group SC^ C GL2 x GL2 is the subgroup 
consisting of pairs of matrices {A,B) such that del A = det-B; the spinor 
norm is then the common 2x2 determinant. Thus Ai{SC4) = M.{GL2) x^et 
M{GL2) while M^{Spm^) are SUc{2) x 5Wc(2) and 5Wc(2, 1) x 5Wc(2, 1) 
respectively. 

The orthogonal representation induces Aii^SC^) Ai^SL^) mapping a 
pair of rank 2 vector bundles {E, F) to E ^ F* , and from this it follows that 
the orthogonal theta bundle is (with the notation of the previous example) 

e(C^) = prlCi ^ pr*_Ci = prlCl (g) pr*_Cl 

where pr± denote the respective projections. 

3.9 Example, m = 6. In this case Spiug = SL4, and one may show that 
the subgroup (using (0) once again) SCq C G-L4 x GL4 is the image of the 
homomorphism 

C* X SLi GLi X GL4 
(A, A) ^ (A/l,AA«**) 

where A'^'^^'^ is the matrix of signed cofactors and A'^'^^ = det A x A"^ = A~^. 
(Compare with (||).) 

Note that projection to the first factor — the first half-spinor 
representation — induces a double cover {(1, ±1)} C SCe ^ GU. Moreover, 
the lift of the determinant function to this double cover has a square root — 
namely, the spinor norm Nm : (AA, AA"*^^'*) i— > A^, where Nm(a)^ = detpri(a) 
for a G SGq. 

At the level of bundles this says we have a commutative diagram 
M{SCii) ^ M{GLi) 

Nm i i det 

Pic(C) ^ Pic(C) 

where each of the horizontal maps has fibre J2{C). In particular one sees 
that ^^(Spine) ^ 5Wc(4) and ^^-(Spine) ^ 5Wc(4,2). 
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As in example let Cd = 02,d be the ample generators of the Picard 
groups of these varieties, for d = 0,2 respectively. Then £2 ( = ©l' for a 
suitable rank 2 vector bundle L') is defined on all components of A4{GL2) 
of even degree, while £0 (= ©l for a suitable line bundle L) is defined only 
on the components of degree = mod 4; and by (^) C2 = -^o these 
components. Using (^) from section ^ below, the orthogonal theta bundle 
is then e(C6) = £2 = JCI 



4 Orthogonal bundles and theta characteristics 

In this section we shall gather together various properties of orthogonal bun- 
dles, some possibly well-known, which will be needed later on. 



4-1 Isotropic line suhhundles 

To begin, consider any SOm-bundle E and its associated orthogonal vector 
bundle E{C"^). Recall that stability of E is equivalent to the condition that 
degF < for all isotropic vector subbundles F C -E(C™). This holds, in 
particular, if E{C^) is stable clS cl vector bundle. 

On the other hand, for any subbundle F C i?(C™'), the direct sum with 
its orthogonal complement fits into an exact sequence 

O^N^F®F^^M^O 

where N, M are the subbundles generically generated by F fl F^ and F + F-^ 
respectively. In particular, when = this gives rise to an orthogonal 
splitting i?(C™) = F ® F^. Applying this idea inductively Ramanan shows 
( |[R1|| proposition 4.5): 



4.1 Lemma. E is a stable SOm-bundle if and only if E{C"^) is an orthog- 
onal direct sum E{C"^) = Fi (B ■ ■ ■ (B Fk where the Fi are pairwise non- 
isomorphic stable vector bundles. 

In particular i?(C'") is a stable vector bundle for generic E G A4{S0m)- 

(The last assertion here follows from a simple dimension count.) 

Now suppose that F C -E(C™) is a line subbundle. Then A^ = precisely 
when F is non-isotropic, and thus E{C^) splits in this case, and so fails to 
be stable as a vector bundle. This shows: 
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4.2 Corollary. For generic E e M.{SOm) every line subbundle F C 
E(C™) is isotropic. 

In the next lemma we observe that the bound degF < for isotropic 
subbundles of E{C"^) — again restricting to line subbundles — can in fact be 
improved generically: 

4.3 Lemma. For generic stable E G Ai^{SOm) every isotropic line sub- 
bundle F C E(C™) satisfies degF < -g + 1. 

Proof. We simply count dimensions of those bundles E G Ai{SOm) which 
can possess an isotropic line subbundle F C E{C"^) with dcgF = d. Let 
F-^ C E{C"^) denote the orthogonal complement: this is a vector bundle of 
rank m — 1 on which the quadratic form restricts with rank m — 2, and the 
quotient Q — F^/ F is thus an 5'OOT_2-bundle, fitting into an exact diagram: 



1 i 



F = F 



i i 

^ F^ ^ E{C'^) ^ ^ 

i i II 

^ g ^ {F^y ^ F-i ^ 



i i 



Noting now that E is determined up to isomorphism by F^ together with 
its (degenerate) quadratic form (which determines F), we see that to con- 
struct such a bundle E it is enough to specify the left-hand vertical sequence. 
For this, F is determined by g parameters; Q {g — l)(m — 2)(m — 3)/2 
parameters; and the extension F-^ by 

h}{C,Q^ ® F) - I = {m - 2){g - I - d) - I 
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parameters. Consequently, a generic E G J^{SOm) (in either component of 
the moduh space) possesses an isotropic hne subbundle F of degree d only if 
the total number of parameters is at least dimA^(S'Om) = {g — l)m{m—l)/2: 

g+{g- l)(m - 2)(m - 3)/2 

+ {m-2){g-l-d)-l > (g - l)m{m - I) /2, 

which simplifies to < —g + 1. The lemma follows at once from this. □ 

4.4 Remark. Note that in the case m = 3, E{C^) = ad V, the bundle 
of tracefree endomorphisms of a stable rank 2 vector bundle V — i.e. that 
coming from E via the 2-dimensional spin representation. Then there is a 
one-to-one correspondence between line subbundles L (Z V and isotropic line 
subbundles F G a.d V: this is because the quadratic form on ad V is the 
Killing form, which for tracefree 2x2 matrices is the determinant. Thus F 
is isotropic if and only if it consists of nilpotent endomorphisms, and L is 
then the kernel bundle; and conversely F = }lom{V/L, L) = L?' ® det . 

If one views L (Z V a.s determining a cross-section / C P(V^) of the 
corresponding ruled surface, then — deg F = / • / is its self-intersection. So 
lemma says 

I ■ I 1^ 9 — ^ for any section I C P(V^), 

for a generic rank 2 vector bundle V . A well-known result of Nagata [^], 
on the other hand, says that every ruled surface has a section / with self- 
intersection I ■ I < g. Since, for a given surface, self- intersection of a section 
is constant (= deg V) mod 2, this implies that the inequality of lemma [4.3| is 
sharp for m = 3. 

4-2 Conservation of parity 



We shall need to make use of the following well-known result of Atiyah 
and Mumford 0]: 

4.5 Atiyah-Mumford lemma. Suppose that F ^ C is a vector bundle 
admitting a nondegenerate symmetric bilinear form 

F(^F ^ Kc. 

Then h^{C, F) is constant modulo 2 under deformation. 



16 



The case of this which we shall be interested in arises when F = L ® 
E{C"^) for L a theta characteristic, = K, and E an SOm- (or SCm-) 
bundle. Let 'd{C) C J^^^iC) denote the set of theta characteristics. The 
value of h^{C, F) mod 2 is in this case given by a calculation of Serre: 

4.6 Proposition. For any SCm-bundle E —>■ C and theta characteristic 
K2 G ^{C) one has 

h\C,K^^ (^EiC^)) = mh\C, K^) + degNm{E) mod 2. 

Proof. By |S|, theorem 2, one has the congruence: 

/i°(C, K^^EiC"")) = {m+l)h%C, K^)+h\C, K^®wi{E))+W2{E) mod 2, 

where Wi and W2 are the Stiefel- Whitney classes. But Wi (E) can be identified 
with det£'(C™) e J2{C) = H^{C, Z/2), which in our case vanishes since E 
is a special Clifford bundle. On the other hand, W2{E) = degNm(ii^) mod 2 
by remark p.5| . So we get the statement in the proposition. □ 

4.7 Corollary. Suppose thatp : C C is an unraniihed double cover, and 
let a : C C denote the sheet-interchange over C . Suppose that E is any 
SCm-bundle on C , and that L G Pic((7) satisGes L (g) cr(L) = Kg. Then: 

h\C,L^p*E{C'^)) =mh\C,L) mod 2. 

Proof. L has degree g{C) — 1, so by the Atiyah-Mumford lemma it suffices 
to assume that L is the pull-back of a theta characteristic. Then the corollary 
follows at once from the proposition since W2{p*E) = 0. □ 



4.3 Generically zero results 



The main aim of this section is to establish that in each of the results ^ 
and [4.7| above, the vanishing (mod 2) of the right-hand side guarantees that 
h^{C, L^E{C"^)) = for generic stable orthogonal bundle E (theorems [4.10 



[4.12| and corollary |4.13| ). To this end we shall apply Brill- Noether methods 
(see, for example. 



AOCHll ) to the loci: 



Wk = {{L,E)\h%C,L0E{a'')) >k} c J3-\C) X AT 



St, 



m] 
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where N'^^{m) C M{m) is the open set of stable bundles. Analogously with 
classical Brill-Noether theory we claim that the Zariski tangent space to Wfc 
at a point (L, E) is annihilated by the image of a Petri map 

li: H^{L®E{C"'))®H^{KL-^®E{C'^)) H%K) ® H%K ® E{sOm)) 

Here so^ is the Lie algebra of Spin^, viewed as the semisimple component 
of the adjoint representation of SCm- So E{sOm) is then the vector bundle 
with fibre sOm associated to any Clifford bundle E via this representation; 
and by standard deformation theory (and this is where we require our bundles 
to be stable) H%C, K ® E{so^)) ^ 

The Petri map is defined by 

(11) ji: s®t^ {s,t) ® s At 

where (, ) is the symmetric bilinear form on the vector bundle £'(C"'), and 
we identify so„ ^ C"'. 

4.8 Proposition. For (L, E) e Wfc — Wfe+i the Zariski tangent space of 
Wfc at (L, E) is T^L,E)^^k = (image /x)^. 

To prove this we first need: 

4.9 Lemma. Given {L,E) e Pic(C) x J\f^\m), a section s G H^{C,L ® 
£;(C"*)), and a tangent vector r] ® ^ E H\C,0) H\C,E{sOm)) = 
T{L,E){J^''^ X jV^**(m)), s extends to the Ist-order deformation ofL®E{C"^) 
corresponding to 77 ® ^ if and only if 

+ r/s = e H\C, L ® ^(C")). 

Proof. Represent E by transition data {hap} with respect to an open cover 
{Ua} of C, where the /i^/j are holomorphic ^C^^- valued functions on UaP^Up 
satisfying the cocycle condition; let Qaii be the image of hap in SOm — these 
are then the transition functions for the vector bundle E{C^). Likewise 
represent L by transition data {4>ap\ where the 0q,^ are C*-valued functions. 
Finally, represent the sum 77©^ G {O) ® {sOm) by a cocycle {r]a(i®iai3} 
(holomorphic Lie algebra- valued functions on the Ua^Up). 
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Then the Ist-order deformation corresponding to 77©^ is the S'Om-bundle 
on C X Spec C[e]/(e^) with transition data 

(t>afS = (1 + £'nap)4>al3, 
QaP = (1 + £Cal3)gal3- 

A section s G H^{C,L ® E{C"^)) is now given by a collection {sa} of C"- 
valued functions satisfying 

Sa = 4>al3gal3Si3 

on Ua^Uj3] and s extends to the Ist-order deformation ^ provided there 
exists a 0-cochain {s^} such that 

satisfies the cocycle condition 

= Sa + e{r]apSa + ^al3Sa + 4>al3gapS'p), 

and hence — 4>ai3gai3s'j3 = {jjap + ia(3)Sa- In other words s' = {s'^} has to 
satisfy 

ris + ^s = ds' e Z\L ® ^(C™)), 

where d is the coboundary operator on 0-cocycles, and is the group of 
Cech 1-cocycles. So there exists a solution if and only if + r/s = in 
cohomology. □ 

Proof of proposition We write down the Serre duality pairing of 

r]®^e H\C, O) ®H\C,E (so^)) with/i(s®t), for s G //^(C, L ® E(C'")) 
and t G KL-^ ® ^(C")): 

(r/©e,Ms®t))serre = f (v {s , t) + tmce{^ s A t)) 

^ c 

(12) 

= / {^s + r]s,t), 
Jc 

where we have identified with sOm, the space of skew-symmetric mxm 

matrices, and used the fact that under this identification one has trace(^ s A 
t) = {^s,t), as one verifies by an easy calculation. 
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Now for {L,E) G Wk — Wfc+i, the Zariski tangent space T(^L,E)'yVk is 
the hnear span of directions 77 © ^ in which all sections s extend. By the 
lemma this condition on 77 © ^ is that + r^s = in cohomology for all 
s G H^{C, L ® E{C"^)). By (|12D this linear span is precisely (image /i)-*-. □ 

We come now to the first main result of this section: 

4.10 Theorem. For generic {L,E) G J'^'^{C) x M^{SOm) one has 
i/0(C,L®E(C™)) = 0. 

Proof. We choose a component of J^^^ x A/''**(m), and suppose that 
h^{C,L © E{C"^)) > k > everywhere in this component, and generically 
equal to k, for some natural number k. We then choose a generic point {L, E) 
in this component; according to proposition |4.8| the Petri map /i is identi- 
cally zero here. This means that for arbitrary sections s G H^{C, L®E{C^)) 
and t G H^{C,KL~^ © E{C^)) (and note that both spaces have the same 
dimension k, by Riemann-Roch) we have, on the one hand, s At = 0. This 
implies that s,t generically generate the same line subbundle F C E{C^)] 
moreover, since s, t are arbitrary we see that F is independent of their choice, 
and depends only on L and E. 

On the other hand, again by (pT]), {s,t) = 0; this implies that F is an 
isotropic line subbundle. (Of course, since E is generic this is also forced 
by corollary [4.2[ ) Lemma and genericity of E therefore implies that 
deg F < —g + 1. But by definition of F the spaces of sections H^{L © F) and 
H^{KL^^ © F) are both nonzero, which forces L® F = KL~^ ® F = O and 
hence = K. But this contradicts the genericity of L. □ 

We now consider the intersection of the subscheme Wk with the fibre 
{K2^xAf^^[m), where K2 g '^{C) is a theta characteristic. (Indeed, theorem 
^4.101 above also follows — for all cases except {S02n) — from theorem 4.12 
below.) 

Fixing one sees that by Serre duality the Petri map now factorises 
into two maps: 

fij : S^H\C,K'2 ^EiC"")) H°{C,K), 
/i^: A2/70(C,ir5©E(C™)) ^ ifO(C,ir©A'^(C™)) 

= H%C,K^E{soJ), 

where fij : s (S) t ^ {s,t) , and fij\f is the natural multiplication map. 
As an immediate consequence of proposition [4.8| we obtain: 
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4.11 Corollary. If E e M'\m) and G d{C) satisfy h°{C,K^ ® 
E{C"^)) = k then the subscheme Uk = y^k\{K^/2}xAf=t{m) <^ N^^im) has 
Zariski tangent space TElAk = (image iij\r)^- 

From this follows our second main result: 

4.12 Theorem. For m > 3 and for any theta characteristic G '(?(C) we 
have h%C,K^ ® E(C™)) = or 1 for generic E e A^±(50„), where the 
parity is determined by lemma [4.^ . 

Proof. We fix our component ^A^{SOm), and suppose that h^(C,K^ ® 
E[C^)) > k everywhere in this component, generically equal to k. We then 
choose a generic point E in this component; by proposition |4.11| the Petri 



map yU^r vanishes here. As in the proof of theorem |4.10| this means s At = 
for all sections s,t E H^{C,K2 (g) E{C"^)), so all sections generate the same 
line subbundle F C E{C"^)] in particular 



Since E is generic it follows by corollary |4.2| that F is isotropic, and hence 
by lemma ^]3| that degF < —g + 1. But then degi^a ^ F < and hence 
k = h^{C,K2 ^F) <1. □ 

4.13 Corollary. Suppose that p : C C is an unramified double cover 
and that E, L is a generic pair as in corollary |4. 7| . Then — except possibly 
in the case of m even, W2{E) = 1 — we have h^{C, L (g) p*E{C"^)) = or 1, 
where the parity is determined by corollary \4.7\ . 



Proof. As in the proof of we take L = p*K2 to be the pull-back of a 
theta characteristic. (See also the discussion of section [7.2| .) Then 

h\C, L ® p*E(C™)) = h%C, ® E(C"^)) + h%C, K'2®n® EiC"")), 

where rj G J2{C) is the 2-torsion point associated to the covering. If E is 
generic then by theorem [4.12| it is possible to choose — in all cases except 
when m is even and W2{E) is odd — so that the right-hand side is < 1. □ 

4.14 Remark. In the case of m even, W2{E) odd, h^{C,L ® p*E{C'^)) > 2 
for any L = p*K^; so the above argument fails. Nonetheless, we expect that 



the result 4.13 is still true in this case, but its proof requires a refinement of 



the Brill- Noether analysis of this section. 
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5 The Verlinde formula 



In this section we shall write down, for the unitary and spin groups, 
the Verlinde formula which calculates the dimension of the vector spaces 
-ff°(A^(G'), 0(V^)). For the derivations of these formulae we refer the reader 
to |P3|| , ||0W|| ■ In fact, what one writes down is a natural number Ni{G) de- 
pending on the group, on the genus g, and on an integer / called the 'level'. 
Then to any representation V of G, one associates a level / = dy such that 
dimH^{M{G),QiV)) = NdAG). 

5. 1 Preliminaries 

For A; G N and r G Q we let 

/,(r)=4sin2(r7rA) = (l-CD(l-Cn 

where = e^'^*/^. This satisfies certain obvious identities (we shall usually 
drop the subscript k for convenience): 

5.1 Lemma. 

(i) f{r) = f{-r); 

(ii) f{r) = f{k-r); 
(Hi) f{k/2) = 4; 

(iv) f{2r) = f{r)f{k/2-r); 

(y) u';.=lf{r) = e. 

In addition, we shall need the following: 

5.2 Lemma. 

(i) If k = 2n + 1 is odd then 

n"=i/(r) = 2n + l, 
n.':i/(r)[il = (2n + lf. 

(ii) If k = 2n is even then 

m=lf{r) = n. 
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Proof, (i) The first identity follows at once from parts (ii) and (v) of the 
previous lemma. For the second, use (ii) to write 

StI 71, Tl 

n /w'^^ = n /(r)[5i+[^i = n /w- = i^n + ir. 

r=l r=l r=l 

(ii) Again the first identity is an easy consequence of the previous lemma. 
We shall just give the proof of the third identity, that of the second being 
being almost the same. 

The left-hand product can be rewritten, using (ii), as: 



n-l 

n + l 1 T r „. ^ r ^^ + 1 1 I r 2n — r + 1 1 



+ 1^ 




■2n — r + 1- 




^ 2 J 


+ 


^ 2 J 





P = f{ny 2 1 X J]^ f{r)' 2 J ' L 2 i. 

r=l 

We observe that 

n if r is even, 
n + 1 if r is odd. 

So suppose first that n is even. Using |0| (iii) and YirZi fij) = nwe see that 

P = 2"/(l)"+7(2)"---/(n-2)"/(n- l)"+i 
= (2n)"/(l)/(3)---/(n-l). 

We claim that /(l)/(3) ■ ■ ■ f{n — 1) = 2 — from which the third identity in 
|5^ (ii) follows. To see this, observe first that (using |5]l| (iv)) 

/(2)/(4)---/(n-2) = f{n/2)-'UrZlf{r) 

= n/2; 

and second that 

n = /(l)---/(n-l)x/(2)---/(n-2). 
The reasoning for n odd is similar. □ 

In what follows we shall consider sets U = {ui, ...,«„} of rational num- 
bers; and for such a set we define: 

^fc(f^) = n fiu^-u,) 

l<i<j<n 

MU) = n f{u,-u,)f{u, + u,) 

l<i<j<n 

n 

^k{U) = n fiUi-Uj)f{Ui + Uj) xl[f{ui). 

l<i<j<n i=l 
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5.2 Computations 



5.3 Example. SLn- The Verlinde number in this case is: 

where the sum is taken over U = {0 = uq < Ui < ■ ■ ■ < Un~i < I + n}. 

Since we are concerned with the spin groups we shall record at this point 
the result of computing this expression at levels 1 and 2 for Spiug = SL^: 

..ON • N,{SU) = 22^; 

^ ^ • N2iSLi) = 239-13^-^ + 235-1 + 2^3^-1. 



5.4 Example. Spin2n, n > 4. The Verlinde number at level / is here: 

^KSpinan) = ( tt fTT\ ) ' ^^^i'^ A; = / + 2n - 2; 

uePi{2n) '-'-kK^) 

where Pi = P;(2n) denotes the collection of sets U = {ui < ■ ■ ■ < Un} sat- 
isfying the following conditions. (Note that this collection is finite provided 
n > 3.) 

1. Ui e |Z; 

2. Ui+i — Ui & Z ioY i — 1, . . .n — 1; 

3. iti + 1*2 > 0; and 

4. Un-i + Un < k = I + 2n — 2. 

It will be convenient to write Pi = Pi^UPf where Pj^ (resp. P^") consists 
off/ with all G Z (resp. Ui G |Z\Z). Correspondingly the Verlinde number 
splits up as Ni = Nj^ + N[~ where 
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5.5 Remark. P/(2n) may be viewed as a set of highest weights of irreducible 
representations of Sping^ (namely, those weights in a fundamental chamber 
for the action of the affine Weyl group of level /). Then P^"*" is the subset 
of 'tensor' representations — those which descend to S02n — and is the 
subset of 'spinor' representations. The same remark applies to the odd spin 
groups below. 

As for SL4 let us note the lowest cases of this formula. (Note, incidentally, 
that the formulae (|T^) are consistent with Spin4 = SL2 x SL2 and Spiug = 
SL/^: for n = 2, 3 respectively A*"; coincides with Ni{SL2Y and Ni^SL/^).) 

• N,{Spm,J = 225 
(14) • A^2^(Spin2„) = {2ny'\n - 1) + 2^9-in9'^ 

. N2-iSpm,J = 2^3'\ 

Proof. We shall just prove the formulae for A^"^, and leave A^i (which we 
shall not need) to the reader. 

We begin by listing the sets over which the summation takes place: 

P+{2n) : {0,l,...,n-2,n±l} 
{0,l,...,n-2,n} 

{0,2,...,n-l,n} 
{±l,2,...,n-l,n}; 

P2{2n) : {±l,|,...,n±i}. 



We recall from [ PW|] that reflection of the end-points in 0, n — i.e. the ± 
signs in these sets — defines an action of Z/2 x Z/2 on P2(2n) under which 
likiU) is easily seen to be invariant. Thus, for example, P2~(2n) is a single 
orbit and so 

4(2^)^^x9-1 



(15) Ar2-(Spin2j=4x(-^^^^ 
where U = {|, | . . . , — |}. We have here 



n2n(t/) = n f2ni^-J)f2ni^+J-l) 

l<i<j<n 
2n-l 

= n hnirr^, 



r=l 
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where the multiphcities are to be determined. Namely, = ar + K 
where is the number of pairs i < j such that j — i = r, and br is the 
number of pairs i < j such that i + j = r + 1. From this we see that 



br 



n — r if r < n 

if r > n, 

J [r/2] if r < n 

\ [{2n-r)/2] if r > n; 



and hence that 

rr + 1 

rrir = n — 



2 

So it follows from |0 (v) and |5j^ (ii) that 



and hence from ( [T5|) that N2{Spm2n) = 2^^~^. 

Let us now turn to ^^2" (Spin2„). For / = 0, 1, . . . , n we shall write 

f/; = {0,l,...,r,...,n}, 

i.e. / has been deleted. Thus P2{2n) consists of Uq, Ui, . . . ,Un together with 
the reflections of Uq and Un under the action of Z/2 x Z/2; and so 

(16) 

"-^ 4(2n)" xg-i 



Now we can write, for each Z, Ii2niUi) = N/Di where: 



0<i<j<n 

A = n /(j-0/(j + On/(/- 0/(^ + forl</<n-l. 

j=l+l i=0 
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For / = and n the denominator takes the shghtly simpler forms: 

n 

using ^TT] (iii) and |^ (ii); and hkewise 

Dn = m=ofin-t)fin + i) 

= 16n2. 

To compute the denominator Di for 1 < I < n — 1: 

Di = /(l).../(n-/)x/(2/ + l)---/(n + Z) 
x/(l)---/(/)x/(/)---/(2/-l) 



/(20.ir f{n-l)---f{n-l + l) 

4n'f{l)f{n + l)/f{2l) by P (ii),(iii) 

and§3 (ii); 

4n^/(n + - /) using [Ol (iv); 

4n^. 



We next compute the numerator: 



2n-l 



r=l 



where = 0^ + 6^ and is the number of pairs i < j between and n such 
that j — i = r, and br the number such that i + j = r. So: 



Or 

from which we find 

rrir 



n + 1 — r if r < n 

if r > n, 

r[(r +l)/2] if r<n 

I [(2n-r + l)/2] if r > n; 



n + 1 — [r /2] if r < n 
n — [r/2] if r > n. 
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Hence 

2n— 1 n 

N= U /(r)"-['-/^] X n fir) = 4(2n)"+\ 

r=l r=l 

using ^ (v) and ^ (ii) . 

Putting together the above computations we obtain Il2n{Ui) = {2n)"'~^ 
for I = 0,n, and 2"'~^^n"'~^ for / = 1, ... ,n — 1. Substituting into (|I6|) this 
gives 

N^iSpin^J = {2ny-\n - 1) + 
as asserted. □ 



5.6 Example. Spin2n+i,n > 2. In this case the Verhnde number is: 

^KSpin2„+i) = i^rTmY ' ^^^^^ k = l + 2n-l; 

c/GP,(2n+i) "Pfcl^) 

where P;(2n + 1) consists of f/ = {0 < Mi < ■ ■ ■ < m„} such that 

1. Ui e |Z; 

2. Mj+i — Mj e Z for 2 = 1, . . . n — 1; 

3. Un-l + Un < k = I + 2n — 1. 

As in the even case we shall write 

/ 4^-" X 0-1 



$fc(f/) 



where Pj^ denotes the subsets of integral and half-integral U respectively. 
Here the lowest Verlinde numbers are: 

. iVi(Spin2„+i) = 2^-1(2^ + 1) 
(17) . iV+(Spin2„+i) = 2^3-1 

. iV2-(Spin2„+i) = {2n + iy-\2'9-'+n). 

We shall omit the proof of these formulae, as it is entirely similar to that 
of (0). Moreover they are proved (by a somewhat clumsier method) in |02 
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5.3 Sections of theta bundles 

Our interest in the preceding calculations lies in the fact that Ai'2(Spin^) 
is the dimension of if°(A^(Spin^), 9(0"^)), where 9(C"*) is the theta line 
bundle, defined in section for the standard orthogonal representation. To 
each irreducible representation ^ of a group G there is associated an integer 
dy — the height or Dynkin index of the representation — for which, for any 
r G Z, one has 

(18) h\MiG),QiVf'-) = NrdAG). 

(For a useful discussion of the Dynkin index and the proof of (|1^) see 
see also 0, [[KNR| .) 



When V = is the standard orthogonal representation the height is: 
na\ J [4 ifm = 3, 

(19) = 1 o -f ^ e; 

L 2 if m > 5. 

What is the analogue of (|T8|) for the 'twisted' moduli space A^~(Spin^) 
defined in section ^? The following is a refinement (which deals with even as 
well as odd m) of conjecture (5.2) in |pW|] . 

5.7 Conjecture. For m > 3, and any representation SCm — ^ SL{V) satis- 
fying (0), 

h%M- {Spin J, e{V)) = (-l)-(iV+ - AT,- ). 

5.8 Example, m = 3. By example 

Ni{Spm,)=Ni{SL,) = 'j2( ^ + ^ '''' 



jj^^2sin^ /+'2 

Notice that formally computing |5.6| with n = 1 (strictly speaking the Verlinde 



number makes sense only for n > 2) we find (taking uq = 0): 



21+1 / _|_ 1 _i 
J=l ^^^^ 21+2 

Now, by (|18D and the fact that = O(C^) where dc^ = 1, we have 
h\M{Spin,),e{V)) = h\SUc{2)Xt) = Nl{SL,)+N,ASL,) 
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(See example p^ ) 

On the other hand, on 7Vl^(Spin3) = SUc{'^, 1) we have, given a Chfford 
representation V for which dy is even, Q{y) = Co"" = C[ where 21 = dy 
Thaddeus's twisted Verhnde formula (0, corollary (18)) tells us that 

21+1 / _L 1 _1 

h\suc{2^)^c\) = T.i-^y^\ji^T 

j=l ^^^'■^ 21+2 

= -N^i{SL,) + N^^iSL,y, 
or in other words ^^-(Sping), &{¥)) = -Nt{SL2) + N.{SL2). 



5.9 Example, m = 6. By examples |3.9| and [57 

h'{M{Spm,),e{V)) = h%SUc{^)Xt) = Nl{SL,) + N^^{SL,), 
where 

^4(/ + 4)3.3-1 



/.°(5Wc(4),4) = iV,(5L4)=E(^ 



summed over U = {0 = uq < ui < U2 < < I + 3} C Z. 

On the other hand, A1~(Sping) = SUc{4:, 2) and by the same arguments 
as in the previous example, the conjecture is in this case equivalent to: 

/iO(5Wc(4,2),4) = iV+(5L4)-iV27(5L4) 

'4(2/ + 4)3^9-1 



rj ^ ^21+4 



iU) 



summed over U = {0 = < Mi < < ^3 < 2/ + 3} C Z. One can possibly 
verify this using [PL|| theorem 9.4. 



6 Numerology 

Our principal aim in this section to make some sense of the Verlinde numbers 
(|13D, ([llD and (0) computed in the previous section at level 2 — those, that 
is, associated to the orthogonal representation of the Clifford group. But we 
begin with a remark, independent of the rest of the paper, which deals with 
the Verlinde number (|T^ at level 1. 
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6.1 A remark on the generator o/Pic (Spin2„^;^) 

It is known from ||LS|| that the Picard group of the moduh scheme A^(Spin^) 
is infinite cychc. When m = 2n + 1 is odd the ample generator V is con- 
structed as a Pfafiian bundle, i.e. 2V = 0(C^"'"'"^). (When m = 2n is even 
V exists only as a Weil divisor class.) Then according to (|17D the space of 
sections of this line bundle has dimension 

/i°(A<(Spin2„+i),P) = iVi(Spin2„+i) = 2^-\2^ + 1). 

This formula is striking, first because it is independent of n and second 
because it is the number of even theta characteristics of the curve. In fact it 
is easy to see how to construct a basis for the linear system \V\, as follows. 

Let '&~^{C) denote the set of even theta characteristics, and for each L e 
^'^{C) consider the reduced divisor 

DL = {Ee A^(Spin2„+i)|/7°(C,L® i5;(C2"+i)) ^ 0}. 

By proposition ^]6|the dimension of H^{C, L^E{C'^"''^^)) is always even, and 



so by theorem |4.12| Dl is a. proper subset of the moduli space. Consequently 



it is divisor — this is shown in proposition |7.1| below — and in fact, since we 
take Dl to be reduced, some multiple kDi G |9(C^"'^^)| = \2V\. Since the 
dimension of H^{C,L ® -E(C^"+^)) is always even we see that k is at least, 
and hence equal to, 2. We have therefore constructed a set of divisors on 
-^(Spin2„+i): 

Dl E \P\, L e 



In the case n = 1 these were shown by Beauville [P2|| to be linearly indepen- 



dent, and hence a basis of the linear system; we expect the same to be true 
in general. 



6.2 Prym varieties 

We recall the following 'Verlinde numbers' for principally polarised abelian 
varieties. Let (A, S) be any principally polarised abelian variety of dimension 
where S is a symmetric divisor representing the polarisation; and let 
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be the decomposition into ±-eigenspaces under the canonical involution of 
A. Then by writing down a suitable basis of theta functions one can easily 
verify that: 

/onN J- "^ f (m^ ± 2^')/2 if m = mod 2, 

20 dim Hl{A, m^) = \) g,,JL _ . 

=^ l{m^±lj/2 if m = 1 mod 2. 

Associated to a smooth projective curve C we have a natural configuration 

of principally polarised Prym varieties. Let us recall the usual notation 

(see [ |ACGH|| ). For each nonzero half-period r] G J2{C)\{0} we have an 

unramified double cover 

p:Cr,^C. 
Writing = j29-2((7^) we have 

Nm;\Kc) = Pr,UP- CJ^^-^; 

where P^, are disjoint translates of the same abelian subvariety, charac- 
terised by the condition that for L E Nm~^{Kc)- 



(21) h%C„L) = 



mod 2 if L e P^, 
mod 2 if L e P". 



Then P^ is called the Prym variety of the covering. We shall denote by 
the symmetric divisor representing the canonical principal polarisation on 
Prf, defined by 2S^ = P^ fl 0, where is the theta-divisor in J^^~^. We shall 
allow also = by setting (Pq, Sq) = (J^"^(C), 9). 

Notice that on P^ both the polarisation and the line bundle 2S^ are 
defined, and identify under translation with the same objects on P^. The 
distinguished line bundle which represents the polarisation is no longer 
defined on P~, however. Thus in what follows the line bundle mS^ makes 
sense on P^ only if m is even. 

6.3 Spin Verlinde numbers versus Prym Verlinde numbers 

We may now formulate the computations of section |^ as follows. 
6.1 Theorem. 1. If m > 6 is even then 

N2{SpmJ=Nt + N^ = E hliP,,mE,) + J2hliP;,mE,), 

N^-N^ = E h'_{P„mE,) + J2h'_iP-,mE,). 
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2. Ifm>5 is odd then 



Proof. Equations dH), dH), dH and (ID. □ 

6.2 Remarks, (i) Of course, when m is even and P~ are interchangeable 
as far as the dimensions alone are concerned. But in view of the constructions 



which follow in the next sections, together with the remarks in section ^ 
it will be seen that the right-hand side of part 1 is the correct way to write 
these identities. 

(a) For m = 3 there is an analogous statement obtained by replacing A'2 
by A^4. This case has been discussed at length in ||0P||. 



These results imply, via ([Tq), (p!9|) and |5.7| (assuming the validity of the 
latter) identities among h^s which we can summarise in the following table. 





/iO(A^(Spin^),e(C™)) 


/iO(A^-(SpinJ,e(C™)) 


odd m 


^<(P„mS,) 


Y h'^P^niE,) 

ri&J2 


even m 


YhliP^mE,) 

+ Y hliP-,mE,) 

r?6J2\{0} 


Y h'^P^mE,) 

+ Y h'_iP-,mE,) 

r7GJ2\{0} 



Although theorem ^]T] is stated only for m > 5, table (|2^) is in fact valid 
for all m G N, as we shall see next by a case-by-case examination. 
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6.3 Example, m = 1. We can identify A^(Spin^) with J2{C); while 



M. (Spin^^) is empty. So (|22|) is trivial in this case. 



6.4 Example, m = 2. From example p.6| , A^^(Spin2) are both copies of 
Pic(C). However, the orthogonal theta bundle 6(C^) is defined only on the 
degree component J{C) of ^^(Sping), where it can be identified with the 
line bundle 8^ where 6' is a theta divisor on the Jacobian. So in this case 



again one may readily check from (|20|) that the identity in (^) holds. But 
in fact we have more: 

V€J2\{0} 

One can see this as follows. Start with the fact that for any symmetric 
line bundle C on an abelian variety A one has 

where A2 = {a E Fic° A\a'^ = Oa}- This isomorphism is obtained by pulling 
back sections under the squaring map [2] : A — A; for each a we have 
[2]*(£®a) = Noting that [2] commutes with the involution [—1] : A ^ A 
we see that in fact H^iA, C^) = ^^^^2 ^±(^' ® 

If 6 represents a principal polarisation on A then we can identify A2 = A2 
hj T] Or, — 9 where 6*^ = t*9. In particular, when A = J{C) and C = 26 we 
obtain 

Hl{J,W)^^Hl{J,B + dr;). 

On the other hand Hl{J,9 + 9ri) = H°{P^, 2S^) for r/ 7^ 0. To see this choose 
C G J{C) such that = f]. Then translation by ( induces an isomorphism 
: J, 9+6r,)^H°{J, 29), which is equivariant with respect to [-1]* acting 
on the first space and t* acting on the second. Hence the spaces Hl{J, 9 + 9rj) 
identify with the ±-eigenspaces in H^{J,29) under t*; and these in turn are 
classically identified with if°(P^,2S^) by the Schottky-Jung relations. 
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6.5 Example, m = 3. We have seen (see example p.7| ) that 0(C'^) restricts 
to Cl SUc{2) = A^(Spin3) and to C\ 5Wc(2, 1) = A<-(Spin3)— in 
each case the anticanonical line bundle. The coincidence of dimensions in 
( p2D for this case was the first to be observed, and has been explored in [pP|| 



and R2 



6.6 Example, m = 4. By example ^ we have A1(Spin4) = 5Wc(2) x 
SUc{'2)] while the 4-dimensional orthogonal representation is the tensor 
product of the 2-dimensional representations of the distinct factors, from 
which the theta bundle in (|^) is 9(C^) = pr^£Q®pr;!i£g, where Cq = 6(C^) 
is the ample generator of Pic SUc{2) = Z. Thus 

and since h'^{SUc{'2), C^) = 2^~^(2^ + l) we can at once verify the case m = 4 
of the table. Moreover, just as for the case m = 2 we can say more: 

S'H%SUci2),Cl) = ^i7°(P„4S,), 

V€J2\{0} 

As in the case m = 2 we have written down not just an identity of 
dimensions, but in fact an isomorphism of vector spaces. In this case it 



follows easily (for C without vanishing theta-nulls) from the results of | B2 

Similarly Ai" {Spin^) is isomorphic to SUc{2, 1) x SUc{2, 1), with theta 
bundle 6(C^) = pr'^Ci ®pr* £i, where £i is the generator of Pic SUc{2, 1). 
This time h%SUc{2, = 29-\29 - 1), the resuhs of Beauville can be 
applied to give isomorphisms 

S'H'{SUc{2,l),C^) - J2 HliP.A^r,), 

V&J2 

veJ2\{0} 

and again table (|22|) is verified in this case. 



35 



6.7 Example, m = 6. In this case example p.9| identifies G(C^) — > 
7W^(Sping) with Cq SUc{^) and £2 — ^ '5Z//c'(4, 2) respectively; and table 
for the case 7Vl+(Sping) suggests isomorphisms 

i70(5Wc(4),£2) ^ 5:/70(P„6H,), 

r;GJ2\{0} 

for some ±-decomposition of H^{SUc{4:), Cq). We shall observe in remark 
|m| in the next section that the involution of 7Vl(Sping) analogous to the 
exchange of factors in example |6.6| is the dualising involution E 1— of 
iSWc(4). We therefore conjecture isomorphisms as above where on the 
left-hand side are the ±-eigenspaces for the dualising involution. 



For A^^(Sping) = 5^(7(4,2), remark will say that the analogous 
involution is E E"^ ®NmE , where Nmi? is the fixed spinor norm, satisfying 
(Nmi?)^ = deti?. Then we expect, in this case: 

V&J2\{0} 

7 Constructing the homomorphisms: the Jacobian 

Our aim in this section and the next is to construct homomorphisms: 

(23) i7°(A^±(Spin2„+i), e(C^"+^))^ ^ E HiiP,, {2n + 1)2,) 



i/°(X±(Spin2j,e(C2"))v ^ YHl{P„2nE,) 



(24) 



Table (|2^) says that in each case the left- and right-hand sides have the same 
dimension, and so we naturally conjecture that these homomorphisms are 
isomorphisms, though we shall not prove this here. As remarked in the last 
section, the first few cases m = 1, 2, 3, 4 are well understood, and we do have 
natural isomorphisms (^3]), ( ^4]) in these cases. 
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7. 1 The splitting for even spin groups 

We shall at this point attempt to explain the splitting iJ°(B(C'")) = 
I^rje J2 ® I^rjT^o when m is even. Note that for even m the group Spin^ carries 
a unique nontrivial outer automorphism: 



O- 



This induces an involution a : Ai{SCm) ^ A4{SCm) which preserves the 
spinor norm and hence acts on A^(Spin^) and A^^(Spin^). (More con- 
cretely, the group automorphism is obtained by Clifford conjugation by a 
vector in C™; when m is odd this is an inner automorphism, a then acts 
on Clifford bundles by conjugating transition functions with respect to some 
open cover; when m is odd this action is still defined, of course, but is trivial.) 

On the other hand this automorphim preserves the orthogonal representa- 
tion, and hence the isomorphism class of the line bundle 0(C™); accordingly 
if°(G(C'") splits into ±-eigenspaces © under the action of a. 

For even m we now expect the following refinement of (|2^) : 



(25) 



i/0(A^±(SpinJ,e(C-))^ ^ Y^HliP^mE,), 

Note that this is exactly what happens in the case m = 4 (see example 
), where cr simply exchanges factors in the products A^(Spin4) = SUc{2) x 
SUc{2) and ^^-(Spin^) = Sl(c{2, 1) x 5Wc(2, 1), so that the summands 
in (^) are precisely S'^H^ and /\^ H'^ appearing in |0 . 

In the case m = 6 — recall example ^.9] — we have A^(Sping) = iSWc(4) 
and A^~(Sping) = iSWc(4, 2). In each case not only the determinant det£^ 
of vector bundles E is fixed, but also a square root Nmi? of det E. Rank 4 
vector bundles come from SCe-bundles via the first half-spinor representation 
SCq — > GL4 ; one easily checks that taking instead the second projection to 
GLa induces the involution on rank 4 vector bundles a : E ^ E'^ ® NmE". 
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Thus in the case m = 6 of ( pSj) we expect the situation aheady described 
in example of the previous section. 



7.2 The main construction 

We shall construct the homomorphisms (]23|), ( p4D one summand at a time, 
concentrating in this section on the summand 77 = 0, i.e. the projection to 
Jacobian thetas (see p7| ) and corollary [7.4| ). In the next section section we 



shall construct the remaining projections to the Prym thetas (corollary | 

It will be convenient to denote the two-component variety Al(Spin^) U 
Al^(Spin^) by N{m). Let p : SCm SL{y) be a representation satisfying 
condition (^) from section ^. (We are mainly concerned with the orthogonal 
representation V = C™, and r = m in proposition |7[^ below.) 
We consider the subset 

(26) V{V) = {{L,E)\H%C,L®E{V)) j^O} C J'-\C) x Af{m). 

It is most important for us that in the case V = C" is the vector 
representation — by theorem [4.10| — this is a proper subset in each component 
of the product. 

For the theta divisor 6 in J^~^{C) and the theta bundle O(V^) on M{m) we 
shall abuse notation and use the same symbols to denote also their pull-back 
to the product J5"^(C) x A/'(m). 

7.1 Proposition. If H^{C,L ^ E{V)) is generically zero — as it is when 
V = — then T>(y) is the support of a divisor in \r6 + 0(V^)|, where 
r = dim V. 

Proof. The representation p induces a morphism of varieties 
a : Af{m) M{SCJ M{SLr)] 
and by definition T^iV) is (the support of) the pull-back via 

J3-\C) X U{m) J3-\C) X M{SLr) ^ U{r,r{g - 1)) 

(where, of course, we are identifying J^{SLr) with the moduli space of 
semistable vector bundles of rank r and trivial determinant, and the sec- 
ond map is tensor product of vector bundles) of the canonical theta divisor 
(see section H) 

er,rig-i) = {F\H%F) ^ 0} C W(r, r{g - 1)). 
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Since by hypothesis H^{C,L ® E(y)) = generically, it follows that ViV) 
is a well-defined divisor. The proposition now follows from the discussion of 
section ^ first of all, the pull-back of Qr,r{g-i) to J^^^iC) x M.{SLr) restricts 
on a fibre {L} x M.[SLj) as the restriction of 0^,0 from W(r, 0) — this is by 
definition of Br,o — and we have seen that this is just G(C''). Hence the 
pull-back to Jf-i(C) x M{m) is Q{V) on fibres {L] x U{m). 

On the other hand, restriction to fibres J^~^{C) x {V}, for any vector 
bundle V with rank r and trivial determinant, is well-known to be indepen- 
dent of V — see for example [|0P|] section 3.1. Then it follows from @ that 



0r,r(g-i) rcstricts to rO. □ 

It follows from the Kiinneth theorem that 'D{V) defines up to scalar a 
tensor in 

H\M{m), Q{V)) ® H%J^-\ re), 
or equivalently a homomorphism, the projection of (^3]), (p4D at ?7 = 0, 

(27) So : H%U{m), Q{V)y H\j3-\ rO). 

Sq is dual to pull-back of hyperplane sections under the rational map /o : 
N{m) — > \r9\ sending E to 'D{V)\ja-iy^{E}- 

Now suppose that the vector bundles EiV) are self-dual. This happens 
when the representation V is symplectic or orthogonal — in particular iiV = 
C"* or a spin representation. Then it follows easily from Riemann-Roch and 
Serre duality that the divisors fo{E) are symmetric: 

h:U{m) |r^|+U |r0|_ 

where |r^|± = Pi7^( J^-^, r^). 

7.2 Proposition. When V = is the standard orthogonal representa- 
tion, for m > 3, fo respects parity: fo : A^^(Spin^) — > |m6'|± respectively. 

Before proving this, we need to make a general remark about principally 
polarised abelian varieties (A, S), where as usual S is a symmetric divisor 
representing the polarisation. Let i^lA) = A2 denote the set of 2-torsion 
points, and let 

^+{A) = {a; G ^2 I mult^jS = mod 2} 
^-(A) = {a; G ^2 I multa;S = 1 mod 2} 



39 



In the case {A,E) = ( J^'S ^) we shall write ^^{J^-^) = ^^{C). These are 
the sets of even and odd theta characteristics. 

In the case of a Prym variety (P^, S^) it is shown in | pP| | , proposition 2.3 
that we can identify: 

^ ' where iV,r/®iV G 

On P~ there is again an induced principal polarisation, though, as re- 
marked in section 6^, no distinguished theta divisor. Thus we may talk 
about d{P^), whose points are described (using the same methods as in 
by: 

(29) ^^^^^ = {t:*N = 'K*{r]®N)eJ^^-^ 

where N^rf N E ^{C) have opposite parity}. 

But for the partition into is no longer well-defined. 

7.3 Lemma. 1. If m is odd then |mS|+ (resp. |mS|_j is the hnear 
subsystem with base-point set '(9~(y4) (resp. i)~^{A)). 

2. If m is even then \ mS | + is base-point free; while \ mH | _ is the hnear 
subsystem with base-point set A2. 

Proof. See [^P| lemma 2.2 (for part 1); or ||LB|| chapter 4 section 7. □ 



Proof of proposition [7J. We use proposition ^]6[ Suppose first that m is 
odd: then for E G N'{m) and any theta characteristic L G ^{C) we have 

/i°(C,L®E(C")) = /i°(C,L) + degNmE mod 2. 

So if G A^(Spin^) then by definition L G fo{E) for all odd theta char- 
acteristics; so by the first part of the lemma fo{E) G |m6'|+. Likewise 
foiE) G \m9\_ whenever E G M^{Spm^). 

If m is even then the same argument shows that 7V1~(Spin„) maps into 
\m9\-. 7W(Spin^), on the other hand, maps either into \m9\+ or \m9\-, and 
to see that it is not the latter it suffices to exhibit a theta characteristic K2 
and bundle E G M{SpmJ for which H^{C,K^ ® E(C™)) = 0— which is 
possible by theorem |4.12| . □ 
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7.4 Corollary. When V = C™ is the standard orthogonal representation 
the homoniorphism sq respects parity: 

So : H\M^{SpmJ, Q{C"')y HI{J^~\ mO) respectively. 



8 Constructing the homomorphisms: the Pryms 

We next explain how the construction of the previous section may be ex- 
tended to give the projections to the remaining summands, 7^ 0, in (p^) 
and (0) . These are given in corollary |8.71 , which extends corollary |7.4| . 

To begin, it is necessary to note that semistability of a bundle is preserved 
under pull-back to the double covers. 

8.1 Lemma. Let p : C C be any unraniihed cover of smooth projective 
curves. Then, if a vector bundle V C is seniistable then p*V ^ C is 
semistable. 



Proof. By the Narasimhan-Seshadri theorem V is induced from a projec- 
tive unitary representation of the fundamental group tti{C). Since C is an 
unramified cover its fundamental group injects into tti{C), and the restric- 
tion of the above representation then induces the pull-back bundle, which is 
consequently semistable. □ 



8.2 Corollary. Let p : C ^ C be as in the previous lemma, and E —>■ C a 
semistable G-bundle. Then p*E ^ C is semistable. 



Proof. The same argument as in the above proof works for G-bundles by 
Ramanathan's generalisation of the Narasimhan-Seshadri theorem [ Rthl|| ; al- 
ternatively apply the lemma to the adjoint bundle ad E: by ||Rth2|] , corollary 
2.18, semistability of E is equivalent to semistability of ad as a vector 
bundle. □ 

Let us now return to the double cover p : Crj C. Noting that for a 
Clifford bundle E —>■ C the spinor norm satisfies Nm{p*E) = p*Nm{E), and 
this has even degree, it follows from corollary |8.2| that we obtain a morphism 
of moduli spaces 



u 



P 



m] 



A^^^(Spin„ 
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8.3 Proposition. For any representation SCm SL{V) we have 

u*Qm~ iV) = 2QMciV). 

Proof. Let ^ C x 5 be an arbitrary family of semistable S'Cm-bundles, 
and let F = E(y) be the associated family of vector bundles via the given 
representation. Let F = [p x id)*F be the pull-back of the family by the 
double cover: _ 

Cr,X S ^ C X S 

S. 

It is clear from the discussion of section |^ that to prove the proposition 
it suffices to show that 

e(F) = 20(F) : 

i.e. the line bundle O(V^) ^Ac{SCm) represents the functor E Q{F), 
while the line bundle u*Qm~ (y) ^ M.c{SCm) represents the functor E i— >• 

e(F). 

So to compute Q{F), first note that by the projection formula applied to 
p X id we have, for i = 0,1: 

R^{F) = Rl{F0p.,OsJ 
= Ri{F®F0r]) 
= Ri{F)®Ri{F®rj). 

If we fit the direct images R),{F) into an exact sequence (||), and R\{F ® rj) 
into a similar sequence with middle terms K^' K^' , then we get an exact 
sequence: 

0^r5.f^K'(B K'' ""^'^ © K'' R\F ^ 0. 

It follows at once that 

Det(F) = Det(F) O Det(F ® r]). 

But since the bundle F has trivial determinant we can replace Det by O here. 
And since Q{F (g) rj) = Q{F) by corollary U, we obtain Q{F) = 26 (F) as 
required. □ 
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We now consider 

ViV) C X ^~ (Spin^), 

denoting the divisor of (^) and proposition with C replaced by Cr^. As 
a consequence of proposition |873|, we see that the pull-back via the map 



incl X n : (P^ U P~) x A/'(m) J^S"^ x A<~^(Spin^), 

of V{V) is— provided H^{Cr„ L ® p*E{V)) = for generic {L,E) G x 
7Vl^(Spin^) — a divisor 

(30) S^{V) e \2rE^ + 2Q^\. 

In the case of the orthogonal representation — except possibly for 



Ai (Spin2„) — this is guaranteed by corollary [4.13 



8.4 Proposition. Let V = be the standard orthogonal representation. 

1. Ifm is odd and L E then H°{C^, L p*E{V)) ^ for all E e 
-M^(Spin^). 

2. In all other cases — except possibly E G 7Vl^(Spin2„) — we have 
H^{C^,L ®p*E{y)) = for generic {L, E) G x M±(Spin^) or 
p-x^±(SpinJ. 

Proof. Note that by corollary (applied to C*.^), together with (|2T|), 
h^{Cr],L (S) p*E{C"^)) is odd if m is odd and L G P~, hence nonzero as 
asserted. In all other cases, on the other hand, h^{Crj, L®p*E[C^)) is even. 
So the proposition is equivalent to |4.13|. □ 



The next step is to observe that the divisor thus constructed has multi- 
plicity two: 

8.5 Proposition. Suppose that the representation V is orthogonal, i.e. 
SCm — > SO{V) for some invariant quadratic form on V. Then, when 
SriiV) is a divisor it has multiplicity 2, i.e. Sjj{V) = 2Vn{V) for a divisor 

Vr,{V) G |rs, + e(\/)|. 
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Proof. We are here excluding the case M{m) x for odd m. Then 
we have aheady observed above that by corollary and (0), h^{Cr^,L ® 



p*E{C^)) is even for all {L,E) e P^ x A^='=(Spin^) in the remaining cases. 
The proposition then follows from the determinantal description of the func- 
tor B given in section 0. □ 

Just as for the case rj = 0, one now views the divisor V,j{V) as giving a 
rational map — or, more precisely, a pair of rational maps if m is even: 



E ^ {LeP^\H°{Cri,L^p*E{V))^0}. 

By Riemann-Roch, Serre duality and the fact that E{V) is self-dual, one sees 
again that f^{E) is a symmetric divisor. This means that each component 
of Nijn) maps either into |mS^|^ p± = Pif^ (P^, mS^) or into |mS^|_ p± = 
, m^^)', and the claim is: 

8.6 Proposition. When V = is the standard orthogonal representa- 
tion, for m > 3, each fj^ = /+ respects parity: 

fr, : ;V/l^(Spin„) |mS^|±,p^; 

and when m is even f~ respects parity: 

f- : {Spin J |mS^|±p-. 

Proof. This uses proposition |4.(j| in the same way as the proof of propo- 
sition [7l2| . We suppose first that m is odd; choose E G Af{m) and a theta 
characteristic L G ^{Pr^)- By (28) this means L = p*N = p*{ri^N) for some 
theta characteristics and rj ® N of the same parity. Then we note that 

h^{C^, L ® p*E{C"')) = h%C, N ® EiC"")) + h\C, r]^N® ^(C™)), 

and that (by h^{C,N ® E{C^)) is odd, and hence nonzero, provided 
E G A^(Spin„) and L G ^-{Pr,) or E e ^^-(Spin^) and L G ^9+(P^). So 
by part 1 of lemma |0| it follows that maps A^^(Spin^) into |mS^|-|-^p^ 
respectively. 

If m is even then the same argument, using part 2 of lemma |7.3| , shows 
that A1~(Spin^) maps under into |mS^|_^p^; and maps under /~ into 

|mS^|_ p- (see 
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Finally consider 7Vl(Spin^) for even m: for any theta characteris- 
tics N,7] ^ N G ■(9(C), theorem |l| tells us that h°{C,N ® E(C™)) = 
?7 ® ® E{C"^)) = for generic E G A^(Spin„), so that generically 
h%Crj,L0p*E{C'^)) = for any theta characteristic L G ^9(P^) or ^9(P-). 
This implies (for each of P^, P~) that A^(Spin^) does not map into |mS^|_ 
and therefore maps into | required. □ 

As a consequence, pull-back of hyperplane sections under each is dual 
to a homomorphism (the analogue of (|27|) ) 

(31) 4 : if°(Ar(m),e(\/))^ ^ /7°(P±,rS,), 

where r = dim V , and where s~ is defined only for even m. Moreover, propo- 
sition says that these homomorphisms respect parity — in other words the 
analogue of corollary [7.4| for this situation is: 



8.7 Corollary. When V = is the standard orthogonal representation 
the homomorphisms respect parity: 

s^ = s+: H%M^{SpmJ, 9(0"))^ ^ ^^i(A' ^-v) respectively, 
and if m is even then additionally: 

s- : if°(7W±(Spin^), e(C™))^ HI{P-, mS^) respectively. 
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